Structures with dampers, fractional models of dampers, uncertainty of design parameters. 
Abstract. In this paper, the influence of the uncertainty of design parameters on the dynamic characteristics of structures with viscoelastic dampers mounted on them is considered. The fractional derivatives are used to describe the models of dampers. The uncertainty of their design parameters is introduced as an interval value. The lower and upper bounds of objective dynamic characteristics are obtained using the first-and second-order

INTRODUCTION
In many practical situations, design parameters are uncertain. The uncertainty of parameters is caused by the inaccuracy of measurements, assembly errors, defect of material, temperature dependence, etc. The problem of uncertain parameters is widely described in numerous research papers. For issues with an unknown variability of the parameters, the interval analysis is often used. In this method, it suffices to know that the parameter values change within certain limits. Moore [1] did a pioneering work of interval analysis. In the last two decades, many methods which enable this theory to be used in engineering problems have been developed. In paper [2] , the vertex method is presented. The method is based on the theorem of "inclusion monotonic". It assumes that the lower and upper bounds of the objective function should be calculated as the end-point combination of the design interval parameters. The method is also used in [3] . However, when the number of interval design parameters is large, the computational cost of the combination of all the parameters is very high. In this approach, the number of the required combinations equals 2 r , where r denotes the number of the interval parameters.
Alternative methods are required for non-monotonic problems. In papers [4, 5] , optimization-based interval analysis methods are presented. The lower and upper bounds of the objective function are obtained as the minimization and maximization of calculation using the interval parameters as constraints for the optimization problem.
For dynamic issues with uncertain design parameters, the lower and upper bounds of the objective function are often obtained using the Taylor series expansion. The method was extended in paper [6] and its application to optimization was shown. In [3, 7] , the authors improved the method using the second-order Taylor series expansion. In [7] , Fujita and Takewaki introduced an application of the method to the analysis of structures with passive dampers. A similar analysis of the structures with uncertain parameters was presented in [8] using the robustness analysis.
In this paper, the Taylor series expansion of the first-and second-order is used for determination of the lower and upper bounds of dynamic characteristics, such as natural frequencies, non-dimensional damping factors, and eigenvectors. The structure is modeled as a shear frame with dampers described by fractional derivatives. In the numerical example, the uncertainties of dampers' parameters are taken into consideration. The obtained results are compared with the vertex method of which the results are close to the exact solution. Such analysis is carried out for structures with dampers described by fractional derivatives for the first time.
DESCRIPTION OF STRUCTURES WITH DAMPERS
Models of dampers
Many rheological models of dampers have been proposed in the literature. The most frequently used models are the Kelvin and the Maxwell models. The first one consists of a spring and a dashpot connected in parallel whereas the second one is built of a serially connected spring and dashpot (Fig. 1) . In many instances, it is difficult to describe the rheological properties of viscoelastic dampers by basic classical models and it is necessary to use the generalized models which consist of numerous Kelvin or Maxwell elements. The number of parameters which are required for the description of the properties of dampers is rather high and sometimes it is more efficient to use the fractional models [9] . A damping element (called "a springpot element") is described by two constants, c and α, where α denotes the order of the fractional derivative. The fractional Kelvin and Maxwell models are shown in Fig. 2 . 
and for the fractional Maxwell model, it could be described as follows: [10, 11] .
After taking the Laplace transform, Equations (1) and (2) can be written in the forms:
, and s -Laplace variable. Finally, it is possible to write the general relationship:
where:
for the fractional Kelvin model (see Fig. 2a ) and 
for the fractional Maxwell model (see Fig. 2b ).
Equation of motion for structures with dampers
The equation of motion for structures with viscoelastic dampers can be written in the following form [12] :
where: s M , s C and s K denote the mass, the damping and the stiffness matrix of structure, respectively. The structure is modeled as a shear frame with mass lumped at the storey level.
[ ] 
is the vector of the interaction forces between the frame and the dampers (see Fig. 3 ) and n is the number of the degrees of freedom of the considered system. Vector ) (t f is a sum of the vectors
. Each of them is formed if damper k only is located on the frame, i.e.:
where m is the number of dampers. For the damper located between the floors j and j + 1 (see Fig. 3 ), it is possible to write:
After taking the Laplace transform, the equation of motion can be written as:
is in the following form:
and
is the matrix of the location of dampers.
After substituting Equation (12) to (11), the equation of the motion of structure with viscoelastic dampers is:
If the vector of external forces equals zero ( 0 p = ) (s ), then Equation (13) leads to the following nonlinear eigenproblem:
Methods to solve a nonlinear eigenproblem for a structure with damping forces described using fractional derivatives were proposed in [13] [14] [15] . In this paper, the nonlinear eigenproblem was solved by the continuation method, described in detail in paper [15] .
After determination of eigenvalues (s i ) and eigenvectors (q i ), it is possible to calculate natural frequencies (ω i ) and non-dimensional damping factors (γ i ) according to the formulae:
UNCERTAIN PARAMETERS
Interval analysis -definition
Let us assume some design parameters have changed, though only within a specified range. These variations can be written as interval parameters in the form: 
p ∆ denotes half of the varied range of interval parameters (radius value):
p and p denote the lower and upper bounds of the interval parameters, respectively.
Let us consider an objective function ( ) p F which depends on the design parameters. If the parameters' values change within a specified range, the considered function can be written in the form ( ) I I F p . The interval analysis leads us to find the lower and upper bounds of the ob-jective function in a feasible domain of the interval parameters ( )
. The interval problem can be described as:
Interval analysis based on approximation of Taylor series expansion
An approximation of the objective function ( ) p F using the first-order Taylor series expansion around the middle values of parameters p c is defined in the following form:
where
F p at middle values of design parameters with respect to the changing parameter i p . From Equation (22), it is possible to write the increment of the objective function calculated using the first-order Taylor series expansion
as a sum of increments of the objective function for each one-dimensional perturbation. Hence, the increment of the objective function for the variation of parameter 1 p can be evaluated from:
According to an interval analysis, the following formula can be written: 
According to formula (26), the lower and upper bounds of the objective interval function, approximated using the first-order Taylor series expansion, can be written as:
Some researchers [3, 7] proposed an approximation of the objective function ( ) p F using the second-order Taylor series expansion around the middle values of parameters p c : 
Based on inclusion monotonic, in order to find the lower and upper bounds of the objective function ( ) p F , it is necessary to calculate all end-point combinations of the interval parameters i p and j p . The number of combinations is the same as the number of combinations using the vertex method and it equals 2 r . The computational cost in this approach is very high, especially for high numbers of the interval parameters. Therefore, a simplification of the above method was proposed in [3] . In that paper, the non-diagonal elements of the Hessian matrix are neglected.
An approximation of the objective function ( ) p F using the second-order Taylor series expansion with only the diagonal elements of the Hessian matrix is as follows:
The increment of the objective function can be written in the following form:
For variability of parameter 1 p , Equation (31) is as follows:
It should be noted that, when using relationship (25) for calculating the lower and upper bounds of the objective function, the number of combinations is reduced to 2r.
Dynamic characteristics of structures with uncertain design parameters
In this section, formulae describing the lower and upper bounds of the chosen dynamic characteristics are determined. The natural frequency (ω), non-dimensional damping factor (γ), and eigenvectors (q) are taken into consideration. According the formula (26), it is possible to write: 
for the eigenvector.
When the objective function is approximated using the first-order Taylor series expansion, the increments can be written as:
When the objective function is approximated using the second-order Taylor series expansion, the increments are as follows: 
And when the objective function is approximated using the second-order Taylor series expansion with only the diagonal elements of the Hessian matrix, the increments are described as:
The calculation of the lower and upper bounds of the dynamic characteristics requires the sensitivities of the first-and the second-order of the objective function
with respect to the design parameters. These sensitivities are obtained by the direct differentiation method, which is described in detail in [16] . The formulae for sensitivities with respect to the parameters of the Kelvin damper model are shown in Appendix A.
EXAMPLE
In the example, an eight-storey frame with three bays is considered (see Fig. 4 ). The frame is designed according to the EC8 Part 1. Construction data, with the exception of the unit mass of the floor, were adopted on the basis of [17] . The height of the columns is 3m and the span of the beams is 5m. Young's modulus (E) for concrete is 31GPa. Dimensions of columns and their replacement stiffnesses are shown in Table 1 . The mass per unit length of every floor equals 60000 kg/m. The dampers are attached on the fifth, sixth and seventh floors of the structure. Such locations were chosen according to paper [17] . A fractional Kelvin model of damper is taken into consideration (see Fig. 2a ). The dampers' parameters were adopted in such a way that the first non-dimensional damping factor was 04 .
. The following parameters are adopted for the dampers: The parameters' middle values are taken to find the solutions given in Table 2 . In Table 6 Evaluations of the lower and upper bounds of the eigenvector, carried out using the vertex method and the first-order Taylor series expansion differ by about 2-3% in the case of the real parts and 9-13% in the case of the imaginary parts.
CONCLUSIONS
The influence of uncertainties of the design parameters on the dynamic characteristics of structures with viscoelastic dampers are investigated. The presented formulae enable determination of the lower and upper bounds of the objective function. The different methods of evaluation of the lower and upper bounds are shown. The bounds are determined using the vertex method, first order Taylor series expansion, second-order Taylor series expansion and simplified second-order Taylor series expansion. The vertex method was chosen as a comparative solution but it should be noted that the exact solution in the form of a critical combination of the interval parameters can be obtained for values of parameters between the limit values. The methods based on the Taylor series expansion provide results which are close to those obtained by the vertex method. Errors of the calculations performed are similar in each of the three presented approximating functions but the second-order Taylor series expansion requires high computational costs, especially if all the elements of the Hessian matrix are taken into account.
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APPENDIX A
In order to calculate the sensitivities of dynamic characteristics with respect to the design parameter, the following sets of equations can be solved [16]: for the first-order sensitivities and for the second-order sensitivities. The right-hand sides of the above equations are as follows: The derived formulae enable determination of all the elements of the Hessian matrix of dynamic characteristics with respect to the chosen design parameters.
